Abstract-Polarization diversity measurements of rainfall, namely the reflectivity factor, differential reflectivity, and specific differential propagation phase, vary in a constrained three-dimensional space. Algorithms are derived to quantify this self-consistency of measurements. In particular, estimation of the specific differential propagation phase shift based on reflectivity and differential reflectivity is analyzed in detail. Theoretical simulation as well as radar observations of rainfall at S (CSU-CHILL) and C (Polar SSC) bands are used to demonstrate that the range profiles of differential propagation shift can be constructed from measurements. of reflectivity and differential reflectivity.
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I. INTRODUCTION P
OLARIMETRIC radar observation of rainfall has reached considerable level of maturity that it is starting to move into the mainstream of radar meteorology [1J, [2] . This is due to the extensive observation of rain medium over a decade using several polarimetric radars and surface and airborne in situ measuring devices [1J- [5] . Theoretical calculation and radar observations suggest that the polarimetric measurements of reflectivity factor at horizontal polarization (ZH) differential reflectivity (ZDR) and specific differential phase (K DP) lie in a limited three-dimensional space for rain medium. In other words, there is self-consistency in polarization diversity radar measurements of rainfall. This self-consistency feature has been used in several applications. Aydin et at. [6J have used the deviation from the self-consistency region of (ZH, Z DR) space to derive a hail detection signal (HDR)' Rain region in (ZH, K D p) space is used by [7] to discriminate between rain and hail. The self-consistency principle has been used by [8] to calibrate polarization diversity weather radar systems. In this paper we present the utilization of self-consistency in a more quantitative sense in comparison with the prior work in the literature. In other words, among the triplet of measurements ZH, Z DR, K D P, we obtain estimates of one of the parameters based on the other two. Subsequently the accuracy of such an estimation procedure is evaluated. Theoretically there is no difference as to which measurement is predicted from the other two; however, in practice, there is a considerable difference. First, ZH and ZDR are measurements made at each range resolution volume whereas K DP is obtained as a range Manuscript received January 24, 1995; revised June 15, 1995. This work was supported by the EEC program on the Environment "Storm '93" (PL910060: EC-1991-94, IFA-CNR), the National Group for Defense from Hydrogeological Hazards (CNR, Italy), and by the NSF (ATM-9200761).
G. Scarchilli derivative of the differential phase measurement (cPDP), which is available at each range resolution. This is the fundamental difference between the measurement pairs (ZH, ZDR) and K DP . In this paper, we demonstrate using theoretical analysis and radar observations, the estimation of one polarimetric radar measurement from the other two among the set (ZH, ZDR, and K DP )' The analysis is done for both S-band and C-band frequencies. Our paper is organized as follows. The estimates of the polarimetric radar parameters based on the other two among the set ZH, ZDR, and KDP is derived in Section II. In Section ill simulations are used to study the error structure of the estimates. Section IV shows the evaluation of the estimates developed in Section II based on data collected in rainfall using the Polar 55e (polarimetric radar operated by CNR, Italy) and by the S-band CSU-CHILL radar. Section V summarizes the key results of this paper.
II. THEORETICAL DEVELOPMENTS
Cloud models and measurement of Raindrop Size Distribution (RSD) at the surface show that a gamma distribution model adequately describes many of natural variations in the RSD [9] 
where Z H, v and (TH, V represent the reflectivity factors and radar cross sections at horizontal and vertical polarizations, respectively, ). the wavelength, and
where E r is the dielectric constant of water: where dBZ H = 1010gro ZH. However, (7) and (8) are not as robust as (6) in the presence of measurement errors.
A. Error Analysis
The average standard errors in the estimate K DP at Sand C bands [ Fig. 2 (a) and (b)] are of the order of 10%. The scatter in Fig. 2 will increase in the presence of measurement fluctuations. The Fractional Standard Error due to measurement fluctuations can be obtained using error analysis procedures similar to those described in [13] :
(K DP ) (6) where ZH is in units mm 6m-3 and ZDR is in decibel. It should be noted that here K DP indicates that the value of K DP given by (6) is an estimate based on ZHand ZDR (and not from a profile of <PDP).
The coefficients C and the exponents a and (3 are determined using a nonlinear regression analysis over a wide range of natural rainfall intensities as suggested by [9] . The parameters of the RSD (No, Do, tt) can be varied to observe the variabilities in ZH, ZDR, and K DP. Fig. I shows a threedimensional scatter plot of ZH, ZDR, and KDP obtained varying the RSD over a wide range of natural rainfall as suggested by [9] . The projections on each wall gives the commonly observed scatterplots of Z H versus Z DR and Z H versus K Dp. The three-dimensional relations between Z H, Z DR, and K DP are quantified in this paper. The values of the coefficients C, a and (3 in (6) at Sand C bands are as follows: S band (10 em) C = 1.0510- 2 shows the performance of the regression in (6) via scatter plot where K DP is plotted against K DP, for both S [ Fig. 2(a) ] and C bands [ Fig. 2(b) ]. The slope and correlation coefficient of the data are 1.0 and 0.9987 in Fig. 2(a) and 1.0 and 0.9989 in Fig. 2(b) , respectively. It can be seen from Fig. 2 that the scatter is fairly small about the 45°line, thereby indicating that K DP can be· estimated reasonably well from ZH and ZDR. Equation (6) can be rearranged to express ZH in terms of (ZDR, K DP) as well as ZDR in terms of ZH and K DP as follows: (8) In this section simulation techniques are used to evaluate the estimates derived in Section II. The simulation procedure used here is described in [15] . Single range gate samples as well as range profiles of multiparameter measurements are simulated. The single range gate samples are simulated to study the net error in the K D P estimates based on measurement fluctuations as well as physical variability, whereas the range profiles of ZH, ZDR, and KDP are simulated to compare the range profiles of cPD p.
FSE stays nearly constant with respect to rainfall rate. We note here that the 20% error rate includes the variabilities due to the physical process as well as the measurement errors.
D. Range Profile of Rain Path
We have simulated sample range profiles of ZH, ZDR, and K D P with fairly moderate gradients in range to compare the true rPDP with that estimated from ZH and ZDR. The model consists of a rain path where the reflectivity on dB scale is varied linearly along a path of 10 kID with the reflectivity gradient equal to 3 dB/km and the range resolution of 50 m. To achieve this we have considered an exponential variation of the parameter No and fixed values of the parameters Do and p, at each range gate. The measurement fluctuation is introduced at each range sample. Fig. 4 shows the profile "measured" and estimated rPDP obtained using (10) . Fairly good agreement can be seen between the "measured" profile of cPDP and the estimated profile of cPDP from ZH and ZDR. We have also evaluated the rain model where the reflectivity on dB scale varies as a triangle along the path of 10 kID (not shown here) The error structure is similar to that of uniforIll path. 
A. C-Band Data
Range profile data collected over rainfall regions by the Polar 55C (which is a C-band polarimetric radar operated near Florence, Italy) is used to demonstrate the self-consistency of . the radar parameters. Details about the Polar sse radar can be found in [17] . Data presented here was collected through a rainstorm that occurred near Florence, Italy, on November 16, 1992. The radar was operated in a time series mode, where the full time series was collected over a path of 10 kID while the antenna was held stationary at an elevation of 2. 
B. S-Band Data
The following shows data from the CSU-CHILL S-band polarization diversity radar system. The data shown here was collected on July 13, 1993, over an intense precipitation event in the vicinity of Denver, CO. The range profile was collected at an elevation of 1.8°. Fig. 7(a) shows a sample range profile of ZH and ZDR over the storm on July 13, 1993. The profile of Z H with a 10 km swath exceeding 50 dBZ indicates that it is an intense precipitation event. Fig. 7(b) shows the profiles of <PDP, and <I> DP for the same data. It can be seen from Fig. 7(b) that the two profiles agree very well indicating self-consistency in the relation between ZH, ZDR, and cPDP.
paths and intense storms (that may produce large values of cumulative cPDP) we need to correct the ZH and ZDR profiles for attenuation before applying (6). 10 . 8.
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(b) and ZDR in the rainstorm. Fig. 6 shows the corresponding range profiles of <PDP, as well as <I> DP which is constructed from KDP. We note here that <PDP value at the initial range in the storm is not zero due to the radar system <PD P which is a fixed constant. We can see that the profiles of <PDP and <I> DP agree very well.
In the context of C-band radar data, a comment on the attenuation is appropriate at this point. It is well known that C-band radar signals experience attenuation and differential attenuation in moderate to heavy precipitation over long paths [15] . Attenuation and differential attenuation can be corrected in rainfall reasonably well using cPDP [18] . The cumulative cPDP along the rainpath gives an idea of attenuation suffered by C-band radar returns. The data shown in Figs. 5 and 6 have a total path integrated cPDP of 10°approximately, implying the maximum cumulative attenuation in the data is not more than 0.5 dB. Therefore, we did not attempt to correct this data for attenuation. However, we recognize that for long V. CONCLUSION In this paper the self-consistency of the three common polarization diversity measurements in rainfall, namely reflectivity, differential reflectivity, and differential propagation phase shift, is studied. Based on the internal self-consistency of these measurements, the estimate of one of them is obtained based on the other two. Specifically the estimate of K D P is analyzed in detail. K D P is a range derivative of cPDP which is directly measured at all range locations along with Z Hand ZDR. Therefore, the estimates of K D P based on ZH and ZDR are analyzed in detail.
It is shown that at both Sand C band frequencies the variability between the estimated and true K D P is fairly small and the fractional standard error in the estimate of K D P is on average equal to 10% (in the absence of measurement errors). The FSE in the estimate of KDP in the presence of measurement fluctuation was found to be about 20%. The above error estimates are based on single range measurements of ZH and ZDR. These errors can be reduced considerably with some range averaging. In addition the accuracy of the simulated differential phase cPDP, which can be derived as the integration of K D P estimates, was also verified. Finally the algorithms developed in this paper were tested using data collected in rainfall by a C-band (Polar 55C) and as-band (CSU-CHILL) polarimetric radar. It is shown that the estimate of cPDP based on range profiles of ZH and ZDR measurements works reasonably well. This self-consistency principle has potential application to detecting regions that have rain mixed with hail/graupel or detecting other contamination of the data such as ground clutter. 
